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SMOOTH APPROXIMATION OF CONIC KA¨HLER METRIC
WITH LOWER RICCI CURVATURE BOUND
LIANGMING SHEN
Abstract. We apply methods in [17] to prove that a conic Ka¨hler metric with
lower Ricci curvature bound can be approximated by smooth Ka¨hler metrics with
the same lower Ricci curvature bound. Furthermore, conic singularities here can
be along a simple normal crossing divisor.
1. introduction
Recently, a very important progress has been made on Kahler-Einstein metrics
on Fano manifolds (See [17][4] [5][6]). The main tool is an extension of Cheeger-
Colding-Tian theory [3] to conic Kahler-Einstein metrics. This extension allows one
to establish partial C0-estimate which is known for long to be crucial in proving the
existence of Kahler-Einstein metrics. To extend Cheeger-Colding-Tian theory from
smooth case to conic case, in [17], Tian proved a sharp approximation theorem: any
conic Kahler-Einstein metric can be approximated by smooth Kahler metrics with
the same lower Ricci curvature bound in the Cheeger-Gromov sense.
The main idea for proving this sharp approximation came from [15], which gives
a method of proving the equivalence of C0-estimate and the properness of the La-
grangian of corresponding complex Monge-Ampere equation. Let’s describe this in
more details. First, we can define so called twisted Ding energy Fω(ϕ) or twisted
Mabuchi energy νω(ϕ) as [10], which are Lagrangians of corresponding complex
Monge-Ampere equation, for the conic Ka¨hler-Einstein metric. Then we can prove
these two energies are both proper with respect to the functional Jω(ϕ). After that,
we perturb this singular complex Monge-Ampere equation, and prove that corre-
sponding energies are also proper after such perturbation. Then, we make use of
C0-estimate in [16] to get a new C0-estimate for perturbed complex Monge-Ampere
equation. Finally, according to compactness theorem, we can prove that perturbed
Ka¨hler metrics converge to the original conic Ka¨hler-Einstein metric in Cheeger-
Gromov sense, and converge smoothly in C∞ sense outside the divisor.
Now a more general problem is to understand the structures of Ka¨hler manifolds
with lower Ricci curvature bound. A natural question is whether we can also ap-
proximate arbitrary conic Ka¨hler metric by smooth Ka¨hler metrics with the same
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lower Ricci curvature bound. We observe that the method above in [17] can apply if
we can get suitbale complex Monge-Ampere equations and define suitable energies-
for them. Moreover, instead of multiple anti-canonical divisors in the original proof,
we can generalize our result to simple normal crossing divisors. A divisor D is called
a simple normal crossing divisor if it can be written as
D =
m∑
i=1
Di,
where each Di is an irreducible divisor, and they cross only in a transversal way. At
each point p ∈ D, it lies in the intersection of k divisors, say D1, · · · , Dk, and in the
local coordinate neighborhood U we can write Di = zi = 0. Assume that our conic
Ka¨hler metric ω on the Ka¨hler manifold M takes an angle 2πβi along each Di, where
0 < βi < 1, then near the point p ∈ D, the metric ω is asymptotically equivalent to
the model conic metric
ω0,p =
√−1
(
k∑
i=1
dzi ∧ dz¯i
|zi|2(1−βi) +
n∑
i=k+1
dzi ∧ dz¯i
)
.
We say a smooth Ka¨hler metric ω0 on M has a lower Ricci curvature bound µ if
there exists a nonnegative (1, 1)−form Ω0 such that
Ric(ω0) = µω0 + Ω0. (1.1)
And we say our conic Ka¨hler metric ω has a lower Ricci curvature bound µ if there
exists a nonnegative (1, 1)−form Ω such that (we may assume that Ω 6= 0 otherwise
we come back to conic Ka¨hlerEinstein case.)
Ric(ω) = µω +
k∑
i=1
2π(1− βi)[Di] + Ω. (1.2)
This equation is in the sense of currents on M and in classic sense outside singular
part D. Consider these equations and apply Tian [17]’s methods for conic Ka¨hler-
Einstein metrics, we can prove our main theorem as below:
Theorem 1.1. For Ka¨hler manifold (M,D) where D is a simplenormal crossing
divisor, assume that we have a smooth Ka¨hler metric ω0 and a conic Ka¨hler metrics
ω = ω0 +
√−1∂∂¯ϕ with cone angle 2πβi (0 < βi < 1, 1 ≤ i ≤ m) along each
irreducible component Di of D and ϕ is a smooth real function on M \D. If both of
them have the same lower Ricci curvature bound µ, then for any δ > 0, there exsits
a smooth Ka¨hler metric ωδ with the same lower Ricci curvature bound µ which
converges to ω in the Gromov-Hausdorff topology on M and in the smooth topology
outside D as δ tends to 0.
Note that here we can deal with all the cases for µ. However, by Aubin and Yau,
the cases µ < 0 and µ = 0 are easy to handle. The difficulty will be when µ > 0, i.e.
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Fano case. In the following section, we set up the complex Monge-Ampere equations
and perturb it, and derive C0-estimate for nonpositive µ. And we will deal with the
case µ > 0 in the remaining parts of this paper.
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2. basic set up and the case µ ≤ 0
First, comparing equations (1.1)(1.2), we have
√−1∂∂¯ log ω
n
ωn0
= −µϕ+ Ω0 − Ω−
m∑
i=1
(1− βi)(R(|| · ||i) +
√−1∂∂¯ log ||Si||2i ),
where ω = ω0 + ϕ is the conic Ka¨hler metric. As each Di is an irreducible positive
divisor, we set Si as its defining holomorphic section, with (|| · ||i) as the Hermitian
product on the associated line bundle [Di], and the curvature of this bundle is
defined as R(|| · ||i) := −
√−1∂∂¯ log || · ||2i . Then we get the equation above just from
Poincare´-Lelong equation
2π[D] =
√−1∂∂¯ log |S|2 = √−1∂∂¯ log ||S||2 +R(|| · ||).
Note that the left handside of (1.1)(1.2) lie both in the cohomology class c1(M), we
deduce that
Ω0 − Ω−
m∑
i=1
(1− βi)(R(|| · ||i) =
√−1∂∂¯h0. (2.1)
where h0 is a smooth function on M and we note that
1
2π
R(|| · ||i) represents c1(Di).
Then we get our complex Monge-Ampere equation:
(ω0 +
√−1∂∂¯ϕ)n = eh0−µϕ−
∑m
i=1(1−βi) log ||Si||
2
i+cωn0 , (2.2)
where the constant c is chosen so that∫
M
(eh0−
∑m
i=1(1−βi) log ||Si||
2
i+c − 1)ωn0 = 0.
As [17], we can choose such an approximation equation:
(ω0 +
√−1∂∂¯ϕ)n = ehδ−µϕωn0 , (2.3)
where
hδ = h0 −
m∑
i=1
(1− βi) log(δ + ||Si||2i ) + cδ
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and the constant cδ is chosen such that∫
M
(eh0−
∑m
i=1(1−βi) log(δ+||Si||
2
i )+cδ − 1)ωn0 = 0.
Here cδ is uniformly bounded. If we have a solution ϕδ for (2.3), then we get a
smooth Ka¨hler metric ωδ = ω0 +
√−1∂∂¯ϕδ with Ricci curvature as below:
Ric(ωδ) =Ric(ω0) + µ
√−1∂∂¯ϕδ −
√−1∂∂¯hδ
=µω0 + Ω0 + µ
√−1∂∂¯ϕδ −
√−1∂∂¯h0 +
m∑
i=1
(1− βi)
√−1∂∂¯ log(δ + ||Si||2i )
=µωδ + Ω+
m∑
i=1
(1− βi)(R(|| · ||i) + ||Si||
2
i
δ + ||Si||2i
√−1∂∂¯ log ||Si||2i
+
δDSi ∧DSi
(δ + ||Si||2i )2
)
=µωδ + Ω+
m∑
i=1
(1− βi)( δ
δ + ||Si||2i
R(|| · ||i) + δDSi ∧DSi
(δ + ||Si||2i )2
),
note that ||Si||2i
√−1∂∂¯ log |Si|2i = ||Si||2i · 2π[Di] = 0. We can see that if we have a
solution ϕδ for small δ > 0, the Ricci curvature of ωδ is always greater than µ.
By the computation above, we have a corollary which asserts the openness of the
solvable set for the continuity path below:
Lemma 2.1. Consider the continuity path of the equation (2.3)
(ω0 +
√−1∂∂¯ϕ)n = ehδ−tϕωn0 , (2.4)
and set the interval Iδ as its solvable interval, then 0 ∈ Iδ and this interval is open.
Proof. 0 ∈ Iδ follows from Calabi-Yau theorem. By the computation above and
[17], it’s easy to have λ1(−∆t) is strictly larger than t. Then the openness of Iδ
follows. 
So now, to solve the equation (2.3), we need to set up C0-estimate for ϕδ. We
first consider the cases that µ = 0 and µ < 0. Actually by Calabi-Yau Theorem and
Aubin’s work (see [18]), we can get C0-estimates for these cases. The main difficulty
lies in the case µ > 0, which we will deal with in the following sections.
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3. twisted functionals for complex monge-ampere equations,
bounded from below
Following [7][15][10], we can still define corresponding functionals for our complex
Monge-Ampere equation (2.2). First, we define generalized energy functionals as
below:
Definition 3.1.
(1)Jω0(ϕ) =
1
V
n−1∑
i=0
i+ 1
n + 1
∫
M
√−1∂ϕ ∧ ∂¯ϕ ∧ ωi0 ∧ ωn−i−1ϕ ,
(2)Iω0(ϕ) =
1
V
∫
M
ϕ(ωn0 − ωnϕ),
where V =
∫
M
ωn0 , ωϕ = ω0 +
√−1∂∂¯ϕ.
Note that these functionals are well defined even in conic case. It’s easy to check
that
0 ≤ n + 1
n
Jω0(ϕ) ≤ Iω0(ϕ) ≤ (n+ 1)Jω0(ϕ).
Next let’s define two functionals which are both Lagrangians of the equation (2.2).
For simplicity here we set
H0 = h0 −
m∑
i=1
(1− βi) log ||Si||2i + c,
and we can choose a family ϕt connected 0 and ϕ
Definition 3.2. (1) We define twisted Ding functional as
Fω0,µ(ϕ) = Jω0(ϕ)−
1
V
∫
M
ϕωn0 −
1
µ
log
(
1
V
∫
M
eH0−µϕωn0
)
, (3.1)
(2) we define twisted Mabuchi functional as
νω0,µ(ϕ) =−
n
V
∫ 1
0
∫
M
ϕ˙(Ric(ωϕ)− µωϕ −
m∑
i=1
2π(1− βi)[Di]− Ω ∧ ωn−1ϕ )dt
=
1
V
∫
M
log
ωnϕ
ωn0
ωnϕ +
1
V
∫
M
H0(ω
n
0 − ωnϕ)− µ(Iω0(ϕ)− Jω0(ϕ))
=
1
V
∫
M
log
ωnϕ
ωn0
ωnϕ +
1
V
∫
M
H0(ω
n
0 − ωnϕ) + µ(F 0ω0(ϕ) +
1
V
∫
M
ϕωnϕ),
where
F 0ω0(ϕ) = Jω0(ϕ)−
1
V
∫
M
ϕωn0 .
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These definitions are similar to smooth case [16] and conic Ka¨hler-Einstein case
[10]. We can check that they are well defined for conic case. From [16][10], we know
that to get C0-estimate for ϕδ, we need to prove the corresponding twisted Ding
functional is proper with respect to the generalized energy Jω0(ϕ). Now let’s recall
the definition of properness:
Definition 3.3. Suppose the twisted Ding functional Fω,µ(φ)(twisted Mabuchi func-
tional νω,µ(φ)) is bounded from below, i.e. Fω,µ(φ) ≥ −cω (νω,µ(ϕ) ≥ −cω), we say
it is proper on Pc(M,ω), if there exists an increasing function f : [−cω,∞)→R, and
limt→∞ f(t) =∞, such that for any φ ∈ Pc(M,ω), we have
Fω,µ(φ) ≥ f(Jω(φ)) (νω,µ(φ) ≥ f(Jω(φ))),
where φ ∈ Pc(M,ω) is a smooth function on M \D such that ωφ = ω +
√−1∂∂¯φ is
a conic metric with the prescribed angles along each component of D.
There are a lot of properties for these functionals, which are parallel to [16][9][10].
First We just put two basic facts here and the proofs are in [16][10]:
Proposition 3.4. (1)Given a path {φt} in Pc(M,ω), we have
d
dt
Jω(φt) = − 1
V
∫
M
φ˙t(ω
n
φ − ωn),
d
dt
F 0ω(φt) = −
1
V
∫
M
φ˙tω
n
φ,
(2)Fω,µ(φ), F
0
ω(φ) and νω,µ(φ) satisfy the cocycle condition:
Fω,µ(φ) + Fωφ,µ(ψ − φ) = Fω,µ(ψ),
F 0ω(φ) + F
0
ωφ
(ψ − φ) = F 0ω(ψ),
νω,µ(φ) + νωφ,µ(ψ − φ) = νω,µ(ψ),
We note that in (2), the last two follow directly from differentiation. For Fωφ,µ,
we need to choose corresponding function hφ parallel to h0 in the equation (2.1).
Whatever ωφ is smooth or conic along D, we can write Ric(ωφ) = µωϕ + Ωφ or
Ric(ωφ) = µωφ+
∑k
i=1 2π(1−βi)[Di]+Ωφ, where Ωφ is not necessarily nonnegative.
Then all the arguments in smooth case will apply.
From (1) we have a useful corollary:
Corollary 3.5. For 0 < t < 1, we have
Jω(tφ) ≤ tn+1n Jω(φ).
Proof. Consider the path {tφ}0≤t≤1, then we have
d
dt
Jω(tφ) = − 1
V
∫
M
φ(ωntφ − ωn) =
Iω(tφ)
t
≥ n+ 1
n
Jω(tφ)
t
,
integrate this inequality then the corollary follows. 
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Now we discuss some relations among these functionals and their behaviors under
different background metrics. First we have a lemma on the generalized energy Jω,
and see [10] for its proof:
Lemma 3.6. suppose ω2 = ω1+
√−1∂∂¯ϕ, then for any φ ∈ Pc(M,ω1)∩Pc(M,ω2),
we have
|Jω1(φ)− Jω2(φ)| ≤ C(ω1, ω2).
From this lemma and the cocycle property of Fω,µ(φ), νω,µ(φ), we observe that the
properties of bounded from below and properness are independent of the choice of
metrics in the same Ka¨hler class.
Next we want to know the relation between Fω,µ(φ), νω,µ(φ). We want to prove that
these two properties of the two functionals are actually equivalent. Actually these
are similar to the proofs by Berman [1] and Li-Sun [10], and we’d like to use the
proof in [9]:
Lemma 3.7. (1)there exists a constant C > 0 such that
νω,µ(φ) ≥ µFω,µ(φ)− C,
(2)suppose ψ solves ωnψ = e
H0−µφ by Calabi-Yau theorem, then we have
µFω,µ(φ) +
1
V
∫
M
H0ω
n ≥ νω,µ(ψ),
In particular, by (1)(2) we know that Fω,µ is bounded from below is equivalent to
that νω,µ is bounded from below,
(3)in case that νω,µ(φ) ≥ C1Jω(φ) − C2 where C1, C2 > 0, there exist constants
c, C ′ > 0 such that
Fω,µ(φ) ≥ cνω,µ(φ)− C ′.
Proof. (1) We modify the expression of twisted Mabuchi functional in the definition
as below:
νω,µ(φ) =
1
V
∫
M
log
ωnφ
ωn
ωnφ +
1
V
∫
M
H0(ω
n − ωnφ) + µ(F 0ω(φ) +
1
V
∫
M
φωnφ)
=µFω,µ(φ) +
1
V
∫
M
H0ω
n +
1
V
∫
M
log
ωnφ
ωn
ωnφ −
1
V
∫
M
(H0 − µφ)ωnφ
+ log
(
1
V
∫
M
eH0−µφωn
)
=µFω,µ(φ) +
1
V
∫
M
H0ω
n + log
(
1
V
∫
M
eH0−µφ−log
ωnφ
ωnωnφ
)
− 1
V
∫
M
(H0 − µφ− log
ωnφ
ωn
)ωnφ,
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then(1) follows from the concavity of logarithm.
(2) Still make use of the defintion and cocycle property, we have
νω,µ(ψ) =
1
V
∫
M
log
ωnψ
ωn
ωnψ +
1
V
∫
M
H0(ω
n − ωnψ) + µ(F 0ω(ψ) +
1
V
∫
M
ψωnψ)
=
1
V
∫
M
(H0 − µφ)ωnψ +
1
V
∫
M
H0(ω
n − ωnψ) + µ(F 0ω(ψ) +
1
V
∫
M
ψωnψ)
=
1
V
∫
M
H0ω
n + µ
(
F 0ω(φ)− F 0ωψ(φ− ψ) +
1
V
∫
M
(ψ − φ)ωnψ
)
=
1
V
∫
M
H0ω
n + µ
(
Fω,µ(φ) + log(
1
V
∫
M
eH0−µφωn)− Jωψ(φ− ψ))
)
,
then (2) follows from that eH0−µφωn = ωnψ and Jωψ(φ− ψ) ≥ 0.
(3) From the assumption, we have a small δ > 0 such that νω,µ+δ(φ) = νω,µ(φ) −
δ(I − J)ω(φ) is bounded from below, so is Fω,µ+δ(φ) by (2). Then we can compute
that
Fω,µ(φ) =F
0
ω(φ)−
µ+ δ
µ
1
ν + δ
log
(
1
V
∫
M
eH0−(µ+δ)
µ
µ+δ
φωn
)
=F 0ω(φ) +
µ+ δ
µ
(Fω,µ+δ(
µ
µ+ δ
φ)− F 0ω(
µ
µ+ δ
φ))
≥Jω(φ)− µ+ δ
µ
Jω(
µ
µ+ δ
φ)− C ′
≥(1− ( µ
µ+ δ
)
1
n )Jω(φ)− C ′,
where the last inequality follows from Corollary 3.5. 
To prove properness of the functionals in case of the existence of the conic metric
ω = ωϕ, we need to verify that they are bounded from above:
Theorem 3.8. If the singular Monge-Ampere equation (2.2) has a solution ϕ, i.e
there exists a conic Ka¨hler metric ωϕ = ω0+
√−1∂∂¯ϕ satisfying the equation (1.1),
then ϕ attains the minimum of the functional Fω0,µ on the space Pc(M,ω0). In par-
ticular Fω0,µ is bounded from above.
Proof. A parallel result is proved in [10], but we’d like to extend Ding-Tian’s proof
[7][15] to our conic case. Let’s consider the continuity path of the complex Monge-
Ampere equation:
(ω0 +
√−1∂∂¯ϕt)n = eH0−tϕtωn0 . (3.2)
Now we know that when t = µ this equation is solvable. Actually by [2], we know
that it is also solvable when t = 0. Now when 0 < t < µ, by implicit function
theorem, we need to consider whether the linearized operator of the (3.2), ∆t+ t, is
invertible. We know that in smooth case, by Bochner’s formula, as Ric(ωt) > tωt, it
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is invertible and we can prove the openness of solvable set for t. However, in conic
case, [8] gives a parallel result. By their argument, we have ∆t as the Friedrichs
extension of the Laplacian associated to ωt = ω0 +
√−1∂∂¯ϕt and λ1(−∆t) > t, so
the openness is true. We can set {ϕt} as a continuous family of solutions of (3.2),
then we can do computations as [15] in a weak sense.
First take the derivative of (3.2) with respect to t, we have
∆tϕ˙t = −ϕt − tϕ˙t,
where ∆t is in a weak sense as [8]. As for all t, we have
∫
M
eH0−tϕtωn0 = V, take the
derivative with respect to t we get∫
M
(ϕt + tϕ˙t)e
H0−tϕtωn0 = 0.
Now make use of the formulas in the beginning of this section, we have
d
dt
(Iω0(ϕt)− Jω0(ϕt)) =
1
V
∫
M
ϕ˙t(ω
n
0 − ωnt )−
1
V
∫
M
ϕt∆tϕ˙tω
n
t −
1
V
∫
M
ϕ˙t(ω
n
0 − ωnt )
=
1
V
∫
M
ϕt(ϕt + tϕ˙t)ω
n
t
= − d
dt
(
1
V
∫
M
ϕte
H0−tϕtωn0 ) +
1
V
∫
M
ϕ˙te
H0−tϕtωn0
= − d
dt
(
1
V
∫
M
ϕtω
n
t )−
1
tV
∫
M
ϕtω
n
t .
From this, we have
d
dt
(t(Iω0(ϕt)− Jω0(ϕt)))− (Iω0(ϕt)− Jω0(ϕt)) = −
d
dt
(
1
V
∫
M
ϕtω
n
t ), (3.3)
Integrating this from 0 to t, we have
t(Iω0(ϕt)− Jω0(ϕt))−
∫ t
0
(Iω0(ϕs)− Jω0(ϕs))ds = −
t
V
∫
M
ϕtω
n
t .
By the definition, it’s just
−
∫ t
0
(Iω0(ϕs)− Jω0(ϕs))ds = t(Jω0(ϕt)−
1
V
∫
M
ϕtω
n
0 ) = tF
0
ω0
(ϕt). (3.4)
As we have
∫
M
eH0−µϕωn0 = V, we derive that Fω0,µ(ϕ) ≤ 0.
Now let’s consider φ ∈ Pc(M,ω0). If ωφ = ω0 +
√−1∂∂¯φ is smooth, then we have
Ric(ωφ) = µωϕ + Ωφ,
where Ωφ is not necessarily nonnegative. Compare it with (1.1), we have
(ωφ +
√−1∂∂¯(ϕ− φ))n = ehφ−µ(ϕ−φ)−
∑m
i=1(1−βi) log ||Si||
2
i+cφωnφ ,
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where we take
√−1∂∂¯hφ = Ωφ−Ω−
∑m
i=1(1−βi)(R(|| · ||i). Then all the arguments
are parallel and we have Fωφ,µ(ϕ − φ) ≤ 0. Now let’s consider the case when ωφ is
conic along D. Here we have the equation
Ric(ωφ) = µωϕ +
k∑
i=1
2π(1− βi)[Di] + Ωφ.
Compare it with (1.1), we have
(ωφ +
√−1∂∂¯(ϕ− φ))n = ehφ−µ(ϕ−φ)+cφωnφ,
where we have
√−1∂∂¯hφ = Ωφ − Ω. In this case, all the arguments are similar to
smooth case and we get the same conclusion. Now by cocycle condition, we have
Fω0,µ(φ) = Fω0,µ(ϕ)− Fωφ,µ(ϕ− φ) ≥ Fω0,µ(ϕ).
This theorem is proved. 
4. log α-invariant, properness of twisted energies
We want to prove the properness of the twisted Ding energy. First we want
to introduce log α-invariant, then let’s see how to use this invariant to prove the
properness of twisted Mabuchi energy in case that µ is small. Then make use of
concavity of energies to prove the properness of energies in general case.
Recall that α-invariant in smooth case was introduced by Tian [12] in 1980s. In [1]
[8] this invariant is generalized to conic case. We introduce so-called log α-invariant
here, following [10]:
Definition 4.1. Fix a smooth volume form vol, for any Ka¨hler class [ω], we define
log α-invariant as below:
α(ω,D) = sup{α > 0 : ∃Cα <∞ s.t. 1
V
∫
M
eα(sup φ−φ)
vol∏m
i=1 |Si|2(1−βi)
≤ Cα
for any φ ∈ Pc(M,ω)}.
Berman [1] has an estimate for the positive lower bound of log α-invariant in conic
case, i.e, there exists a positive number α0 such that α(ω,D) ≥ α0 > 0. Using this
estimate, we can prove that the twisted Mabuchi energy is proper when µ is small
enough:
Theorem 4.2. Suppose α(ω,D) ≥ α0 > nn+1µ > 0, then we have
νω0,µ(φ) ≥ ǫJω0(φ)− C,
where ǫ, C are constants depending on α0, µ.
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Proof. Similar to [8] [10] [15], make use of logarithm property, for n
n+1
µ < α < α0,
we have
logCα ≥ log
(
1
V
∫
M
eα(sup φ−φ)
eH0ωn0∏m
i=1 |Si|2(1−βi)
)
≥ log
(
1
V
∫
M
e
α(sup φ−φ)−log
∏m
i=1 |Si|
2(1−βi)ωnφ
ωn
0
+H0
ωnφ
)
≥ 1
V
∫
M
(
H0 −
∏m
i=1 |Si|2(1−βi)ωnφ
ωn0
)
ωnφ +
α
V
∫
M
(sup φ− φ)ωnφ
≥ 1
V
∫
M
(
H0 −
∏m
i=1 |Si|2(1−βi)ωnφ
ωn0
)
ωnφ + αIω0(φ).
By the defintion of twisted Mabuchi energy, we have
νω0,µ(φ) =
1
V
∫
M
log
ωnφ
ωn0
ωnφ +
1
V
∫
M
H0(ω
n
0 − ωnφ)− µ(Iω0(φ)− Jω0(φ))
≥ logCα + 1
V
∫
M
H0ω
n
0 + αIω0(φ)− µ(Iω0(φ)− Jω0(φ))
≥ (α− n
n + 1
µ)Iω0(φ)− C
≥ (n+ 1
n
α− µ)Jω0(φ)− C.
The proof is finished. 
As the equivalence of the properness of twisted Ding energy and Mabuchi energy,
we have such a corollary very easily:
Corollary 4.3. When α(ω,D) ≥ α0 > nn+1µ > 0, we have
Fω0,µ(φ) ≥ ǫJω0(φ)− C,
where ǫ, C are constants depending on α0, µ.
Until now we only get the properness when µ is small enough. For general case,
we need to apply continuity method and the concavity property of the energy which
is shown below to increase µ. Here is a lemma which allows us to increase µ and see
also in [10]:
Lemma 4.4. Suppose 0 < µ0 < µ1, write µ = (1− t)µ0 + tµ1 where 0 ≤ t ≤ 1, we
have
µFω0,µ(φ) ≥ (1− t)µ0Fω0,µ(φ) + tµ1Fω0,µ(φ).
Proof. It follows from the convexity of exponential functions. 
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Now we can prove our main theorem in this section and similar results also appear
in [10] [17]:
Theorem 4.5. For t ∈ (0, µ] and any φ ∈ Pc(M,ω0)there exist constants ǫ, Cǫ such
that
Fω0,t(φ) ≥ ǫJω0(φ)− Cǫ. (4.1)
Proof. We apply the continuity path similar to [8], i.e, the equation (3.2). In our
case, we may assume that Ω 6= 0. Then by [8], we have that λ1(−∆t) > t for all
t ∈ (0, µ], which allows us to prove the openness at t = µ. So now when µ¯ = µ + δ
where δ is very small, we have a solution ϕ¯ for (3.2) where µ is replaced by µ¯. By
theorem 3.8, Fω0,µ¯(φ) is bounded from below. As we have the corollary above which
asserts that when t > 0 is very small Fω0,t(φ) is proper, by the lemma above, we
know that for all t ∈ (0, µ] the twisted Ding energy is proper, i.e.
Fω0,t(φ) ≥ ǫJω0(φ)− Cǫ. (4.2)
We finish the proof. 
5. C0-estimate for approximating solution: the case µ > 0
Recall that in Section 2 we set up the approximating complex Monge-Ampere
equation (2.3), which is expected to give us a smooth approximation of conic Ka¨hler
metric ω = ω0 + ϕ. We also prove C
0-estimate for ϕδ when µ ≤ 0. In this section,
we want to make use of the properness of corresponding Lagrangians to prove C0-
estimate when µ > 0. Then the first step is to prove the properness of the new
approximating twisted Ding energy, which can be deduced from the last section:
Lemma 5.1. We introduce the new approximating twisted Ding energy as below:
Fδ,t(ϕ) = Jω0(ϕ)−
1
V
∫
M
ϕωn0 −
1
t
log
(
1
V
∫
M
ehδ−tϕωn0
)
, (5.1)
which is the Lagrangian of the approximating complex Monge-Ampere equation (2.4)
in the continuity path. Then we have
Fδ,t(φ) ≥ ǫJω0(φ)− C(ǫ, δ, t)
.
Proof. In the end of last section, we proved that
Fω0,t(φ) ≥ ǫJω0(φ)− Cǫ.
Note that
hδ = h0 −
m∑
i=1
(1− βi) log(δ + ||Si||2i ) + cδ
≤ h0 −
m∑
i=1
(1− βi) log ||Si||2i + cδ = H0 − c+ cδ,
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We have
Fδ,t(φ) ≥ Fω0,t(φ) +
c− cδ
t
,
and the lemma follows very easily. 
Now we will follow [15] to finish C0-estimate for ϕδ. Similar to the equation (3.4),
we have
−
∫ t
0
(Iω0(ϕδ,s)− Jω0(ϕδ,s))ds = t(Jω0(ϕδ,t)−
1
V
∫
M
ϕδ,tω
n
0 ) = tF
0
ω0
(ϕδ,t),
where ϕδ,t solves the equation (2.4). By this equation, we can estimate Fδ,µ(ϕδ,t)
that
Fδ,µ(ϕδ,t) = F
0
ω0
(ϕδ,t)− log
(
1
V
∫
M
ehδ−µϕδ,tωn0
)
≤ − log
(
1
V
∫
M
ehδ−tϕδ,t−(µ−t)ϕδ,tωn0
)
= − log
(
1
V
∫
M
e−(µ−t)ϕδ,tωnδ,t
)
≤ µ− t
µ
1
V
∫
M
ϕδ,tω
n
δ,t.
To finish the estimate, we need a useful lemma as below:
Lemma 5.2. ||ϕδ,t||C0 ≤ C(1 + Jω0(ϕδ,t)).
Proof. First we note that Ric(ωδ,t) > t, and the volume preserved. Then we have
uniform Sobolev and Poincare´ constants when t doesn’t tend to 0. We observe that
n +∆0ϕδ,t > 0, then we get
0 ≤ supϕδ,t ≤ 1
V
∫
M
ϕδ,tω
n
0 + C
by Green’s formula. On the other hand, we have n − ∆δ,tϕδ,t > 0, by Moser’s
iteration, we have
− inf ϕδ,t ≤ −C
V
∫
M
ϕδ,tω
n
δ,t + C.
By normalization condition, ϕδ,t changes sign, we have
||ϕδ,t||C0 ≤ supϕδ,t − inf ϕδ,t ≤ C(1 + Iω0(ϕδ,t)) ≤ C(1 + Jω0(ϕδ,t)).

In the proof we have
0 ≤ − inf ϕδ,t ≤ −C
V
∫
M
ϕδ,tω
n
δ,t + C,
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then we have
1
V
∫
M
ϕδ,tω
n
δ,t ≤ C,
which gives Fδ,µ(ϕδ,t) ≤ C. Combine the two lemmas above, we conclude the C0-
estimate for ϕδ and get the following theorem:
Theorem 5.3. For each δ > 0, the approximating complex Monge-Ampere equation
(2.3) has a unique smooth solution ϕδ, which gives us a smooth Ka¨hler metric ωδ =
ω0 +
√−1∂∂¯ϕδ such that Ric(ωδ) ≥ µωδ.
6. convergence when δ tends to 0
In the last section we proved C0-estimate for ϕδ. We also note that in the ap-
proximating complex Monge-Ampere equation (2.3), the constant cδ is uniformly
bounded. Then the constant C(ǫ, δ, t) in Lemma 5.1 is uniform with respect to δ.
According to this observation, we conclude that our C0-estimate for ϕδ is uniform
with respect to δ, i.e, sup |ϕδ| ≤ C0. Based on this, we can give C2-estimate for ϕδ
by generalized Schwarz Lemma first:
Lemma 6.1.
C1ω0 ≤ ωδ ≤ C2ω0∏m
i=1(δ + ||Si||2)(1−βi)
. (6.1)
Proof. First we have sup |ϕδ| ≤ C0 and Ric(ωδ) ≥ µωδ. Take ∆ as the Laplacian for
ωδ and normal coordinate around a point p for ωδ, i.e, gij¯(p) = δij , dgij¯(p) = 0. We
may also take g0ij¯(p) = g0i¯iδij, i.e, diagonal for ω0, then we can compute that
∆trωδω0 = g
i¯i(gkl¯g0kl¯)i¯i = g
i¯i(gkk¯)i¯ig0kk¯ + g
i¯igkk¯(g0kk¯)i¯i
= g i¯iR kk¯i¯i (g)g0kk¯ − g i¯igkk¯Ri¯ikk¯(g0) + g i¯igkk¯gll¯(g0kl¯)i(g0lk¯)¯i
= Rkk¯g0kk¯ − g i¯igkk¯Ri¯ikk¯(g0) + g i¯i0 gkk¯gll¯(g0kl¯)i(g0lk¯ )¯i
≥ −g i¯igkk¯Ri¯ikk¯(g0) + g i¯i0 gkk¯gll¯(g0kl¯)i(g0lk¯ )¯i,
and the last inequality follows from Ric(ωδ) ≥ µωδ. Now we have
∆ log trωδω0 =
∆trωδω0
trωδω0
− |∇trωδω0|
2
|trωδω0|2
≥ (trωδω0)g
i¯i
0 g
kk¯gll¯(g0kl¯)i(g0lk¯)¯i − g i¯igkk¯gll¯(g0kk¯)i(g0ll¯)¯i
|trωδω0|2
− g
i¯igkk¯Ri¯ikk¯(g0)
trωδω0
≥ −atrωδω0,
where the bisectional curvature of ω0 is less than a and the last inequality follows
from g i¯i0 trωδω0 ≥ g i¯i. As we have sup |ϕδ| ≤ C0, we take u = log trωδω0 − (a + 1)ϕδ,
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then we will have
∆u ≥ trωδω0 − n(a+ 1) = eu+n(a+1) − n(a+ 1).
By maximal principle u ≤ C(a), and we then get trωδω0 ≤ C ′, which will give us that
C1ω0 ≤ ωδ. For the other side, make use of the complex Monge-Ampere equation
(2.3) and the inequality we get, we can easily deduce that
ωδ ≤ C2ω0∏m
i=1(δ + ||Si||2)(1−βi)
.

From this lemma, by C3-estimate in [18] (or see [15]) and regulairity theory we
can prove that for any l > 2 and compact set K ∈ M \ D, there exists a uniform
constant C(l, K) such that we have high order estimate locally:
||ϕδ|| ≤ C(l, K). (6.2)
As we have got all the estimates we need, we can prove the main theorem below,
following [17]:
Theorem 6.2. As δ tends to 0, the smooth Ka¨hler metric ωδ converge to the conic
Ka¨hler metric ω in the Gromov-Hausdorff topology on M and in the smooth topology
outside the divisor D.
Proof. In this proof, we first consider D as an irreducible divisor. As we have high
order estimates (6.1) (6.2) outside the divisor D, it suffices to prove ωδ converges
to ω in the Gromov-Hausdorff topology. Note that for all ωδ we have Ric(ωδ) ≥
µ, V ol(M,ωδ) = V, to apply compactness theorem (e.g. see Chap.10 in [11]), we
only need to bound the diameter for all ωδ. In case that µ > 0 we can get it directly
by Meyer’s theorem. However, as we have the estimate (6.1), it’s easy to control the
length of arbitrary geodesics outside the divisor. And in the neighborhood of some
irreducible divisor, say D, we make use of local coordinates and set r = |z1|, where
{z1 = 0} locally defines the divisor D. Now we know that ||S|| here is almost r near
the divisor and we consider the length of a short geodesic γ transverse to D that:
L(γ, ωδ) ≈ C
∫ r0
0
dr
(δ + r2)
1−β
2
≤ C
∫ r0
0
dr
r1−β
≤ Cr
β
0
β
.
Now by compactness theorem, without loss of generality, (M,ωδ) converge to a
length space (M¯, d¯) in Gromov- Hausdorff topology. To prove the theorem we need
to prove that (M¯, d¯) coincides with (M,ω). As we have high order estimate (6.2)
outside the divisor D, there exists an open set U in M¯ which is equivalent to M \D,
and the equivalence i : M \D→U induces an isometry between (M \D,ω|M\D and
(U, d¯.) Now we note that M \ D is geodesically convex with respect to ω, i.e. any
two points p, q ∈ M \D, there exists a minimal geodesic γ ⊂ M \D joining them.
Actually we only need to consider the case when p, q are in the small neighborhood
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of o ∈ D. In this case we know that the metric ω is almost the standard conic metric
around a point o ∈ D, which behaviors like
ωo,c =
√−1
(
dz1 ∧ dz¯1
|z1|2(1−β) +
n∑
i=2
dzi ∧ dz¯i
)
.
Now we assume that |z1(p)| = |z1(q)| = ǫ, |zi(p)|, |zi(q)| ≈ ǫ where ǫ > 0 is small
enough and 2 ≥ i ≥ n. First we choose the segment connecting p and q acrossing
the point o ∈ D. By the estimate above we know that
d(p, o) + d(o, q) ≈ 2ǫ
β
β
.
On the other hand we choose a segment γ′ whose projection on z1 coordinate is
almost a geodesic in the cone with angle β, by standard computation we know that
L(γ′) ≈ Cǫ+ 2 sin πβ
2
ǫβ
β
.
As ǫ is small and β < 1, we conclude that the geodesic connecting p and q doesn’t
cross the point o ∈ D. In general case we only need to choose p′, q′ as the case above
to replace p, q and connect p, p′ and q, q′ respectively then all the argument follows.
AsM \D is geodesically convex, by the C2-estimate in (6.1) we can see that M is the
metric completion of M \D, moreover, the equivalence i extends to a Lipschitz map
from (M,ω) onto (M¯, d¯) (we still denote this map as i)and the Lipschitz constant is
1. What remains to do is to prove i is an isometry between (M,ω) and (M¯, d¯). As
(M¯, d¯) is a metric completion ofM\D, we only to need to prove that for p, q ∈ M\D,
dω(p, q) = d¯(i(p), i(q)).
First we observe that D¯ = i(D) is the Gromov-Hausdorff limit of D under the
convergence of (M,ωδ) to (M¯, d¯), whose Hausdorff measure is 0, by the C
2-estimate
in (6.1). Now we only need to prove that for any p¯, q¯ ∈ M¯ \ D¯ there exists a
minimizing geodesic γ ⊂ M¯ \ D¯ joining p¯, q¯. If not, we will have
d¯(p¯, q¯) < dω(p, q),
where p¯ = i(p), q¯ = i(q). Then there exists a small r > 0 such that:
(1)Br(p¯, d¯)
⋂
D¯ = ∅, Br(q¯, d¯)
⋂
D¯ = ∅, where Br(·, d¯) is a geodesic ball in (M¯, d¯);
(2)d¯(x¯, y¯) < dω(x, y), where x¯ = i(x) ∈ Br(p¯, d¯) and y¯ = i(y) ∈ Br(q¯, d¯). From these
two we know that any minimizing geodesic γ connecting x¯ and y¯ intersects with D¯.
As r > 0 is small, and i is an isometry outside the divisor D, we have
Br(p¯, d¯) = i(Br(p, ω)), Br(q¯, d¯) = i(Br(q, ω)).
Choosing a small tubular neighborhood T of D in M whose closure is disjoint from
both Br(p, ω) and Br(q, ω).When the radius of such tubular is small enough we can
make V ol(∂T ) arbitrary small. Now we can choose pδ, qδ ∈ M and neighborhood
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Tδ of D with respect to ωδ such that as δ→0, pδ, qδ, Tδ converge to p¯, q¯, i(T ) in
Gromov-Hausdorff topology. By volume convergence theorem of Colding,
lim
δ→0+
V ol(∂Tδ, ωδ) = V ol(∂T, ω),
so V ol(∂Tδ, ωδ) can be also arbitrary small as δ→0. Also by convergence, when δ
is small enough, Br(pδ, ωδ), Br(qδ, ωδ) and Tδ are mutually disjoint. By (2), any
minimizing geodesic γδ connecting any w ∈ Br(pδ, ωδ) and z ∈ Br(qδ, ωδ) intersects
with Tδ, Now we need an estimate due to Gromov:
Lemma 6.3. c(µ)r2n ≤ V ol(Br(qδ, ωδ), ωδ) ≤ C(L, µ, n, r)V ol(∂Tδ, ωδ), where L =
d¯(p¯, q¯).
Proof. The first inequality follows from the Ricci lower bound and Gromov’s relative
volume comparison theorem directly. For the second inequality, by Chap.9 in [11],
we set λ(t, θ) as the volume density function where t is the distance from pδ. We also
set λk(t, θ) as the standard volume density function of the space form with constant
curvature k = µ
n−1
. By the argument in [11] we know that the map
t→ λ(t, θ)
λk(t, θ)
is nonincreasing in t. In our case, we consider the geodesics from pδ to z ∈ Br(qδ, ωδ).
According to the construction, we have r < d(pδ, zT ) < d(pδ, z), L − r < d(pδ, z) <
L+ r, where zT is the intersection point of the geodesics from pδ to z and ∂Tδ, and
L ≈ d(pδ), qδ). Along ∂Tδ, we have
λ(zT )
λk(zT )
≥ λ(z)
λk(z)
.
Let S ∈ S2n−1 and C(S) denote the part which all the geodesics from pδ to z ∈
Br(qδ, ωδ) lie in and corresponding geodesic cone, and set t(θ) as the distance from
pδ to each point of ∂Tδ, then we have
V ol(∂Tδ) ≥
∫
∂Tδ
⋂
C(S)
λ(t, θ) =
∫
S
t2n−1(θ)λ(t, θ)dθ
≥
∫
S
λ(L′)
λk(t(θ))
λk(L′)
t2n−1(θ)dθ ≥ C
∫
S
λ(L′)L′2n−1dθ,
where L− r < L′ < L+ r. Now we take the integral of this inequality, we will have
that
V ol(∂Tδ) ≥ 2C
r
∫ L+r
L−r
∫
S
λ(L′)L′2n−1dθdt ≥ C(L, µ, n, r)V ol(Br(qδ, ωδ), ωδ).
Then the lemma follows. 
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As we have known that V ol(∂Tδ, ωδ) can be also arbitrary small asδ tends to 0,
the lemma above leads to a contradiction. Then i can extend to a isometry from
(M,ω) onto (M¯, d¯), and the theorem follows when D is irreducible. In case that D
has a simple normal crossing, we only need to see that near the crossing point, we
can project the geodesic to all directions and do similar analysis to these and the
theorem still follows. 
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